In the theory of elliptic differential operators, the result on Laplace-Beltrami operators defined on compact complex manifolds is a remarkable one and has many important applications to the cohomology theory on compact complex manifolds. On the other hand, in recent years, the property of Laplace-Beltrami operators on non-compact complex manifolds has been investigated from various aspects. In particular, the Kohn's solution to 5-Neumann problem is one of the most remarkable results (see [2] [6] ). Looking back to our situation i. e. the cohomology theory on weakly 1-complete manifolds (for example, [10] [11] [13] ), it seems that the Kohn's argument, which is based on //-estimates for the d operator, is applicable to the study of the cohomological property of weakly 1-complete manifolds. In this paper, having this motivation in mind, and on the other hand, purely from the point of view of partial differential equations, we study the global boundary regularity and the behavior of spectra of LaplaceBeltrami operators on pseudoconvex domains. We apply the result to the cohomology theory of weakly 1-complete manifolds by showing an upper semi-continuity theorem for the dimension of the cohomology groups on a family of weakly 1-complete manifolds. The plan of this paper is as follows. In Section 2, we prepare the notations needed in the latter sections and give a sufficient condition for the solvability of the L 2 9-Neumann problem. In Section 3, we state our main results. In Section 4, we show the basic estimate which is crucial to prove the regularization Communicated by S. Nakano, May 11, 1982. * Research Institute for Mathematical Sciences, Kyoto University, Kyoto 606, Japan. theorem R Sifjl . Our starting point to show it is the estimate (4.2) of Proposition 4.4 which is deduced from the formula (A.2.2) of Theorem A.2.1. We use this formula more effectively than the usage in our previous article [13] i. e. the term ||%>||m in (A.2.2) plays an important role to estimate the normal derivatives. In Section 5, using this basic estimate and the method of Kohn and Nirenberg in [6] [8], we prove our main results. In Section 6, combining this regularity result with the harmonic representation theorem of cohomology groups on weakly 1-complete manifolds, we show an upper semi-continuity theorem. In Section 7, we give the proofs of Lemma 4.3 and Proposition 4.4 mentioned in Section 4 and refer to a fundamental fact on spectra of self-adjoint operators which we need.
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From now on, let X be a relatively compact domain on M with smooth boundary dX i. e. there exist a neighborhood <Q of 3^f and a real-valued C°°-f unction h on £? such that Qr\X-{x^Q\h(x)<0} and the gradient of h nowhere vanishes on dX. For each element U t of {£/«}*£/, let (zj, ••• , z?) be local coordinates on Ui. We separate z\ into the real and imaginary parts : Remark 3.4. If there exists a strongly plurisubharmonic function 0 on a neighborhood Q of dX, then any line bundle E is positive on a relatively compact neighborhood of dX. In fact let a be a metric of E on M and extend 0 to a C°°-function W on M without changing the original near dX in a suitable manner. Then there exists a positive integer m* such that a m =aexp (-m¥) gives the positivity of E on a relatively compact neighborhood Q' (^Q) of dX for every m^m*. In this case, by changing the fibre metrics a m of E instead of taking the tensor product of E, we can set up the same problems for E and can prove Theorems N, R Sift and N s (see [6] ). On the other hand, there are pseudoconvex domains with smooth boundary dX not possessing such a strongly plurisubharmonic function on any neighborhood of dX but possessing a line bundle which is positive on a neighborhood of dX (see [3] [14]).
The practical merit of the regularization theorems R m ,^ and N s can be obtained by combining these theorems with Sobolev lemma (Lemma 2.1, 2)). Here we give only the detailed description of Theorem N s . Let X be a pseudoconvex domain with smooth boundary dX on an n-dimensional complex manifold M. Let E -^ M be a holomorphic line bundle which is positive on a neighborhood Q of dX. Let a={a l } be the metric of E on M which gives the positivity of E on Q with respect to a suitable covering {U l } i&1 We first prove the proposition by induction on s using these lemmas.
Proof of the proposition. where C s (resp. C{n,«) is a positive constant depending on s (resp. m and s Remark. In preparation of this paper, the author knew that such a priori estimate as the above type had been obtained by D. Catlin (see [1] Let X be an n-dimensional complex manifold. The following definition is due to Nakano [10] . Since this theorem can be proved by the same method used to prove Theorem 3.8 of [13] , its proof is omitted here (for a detail, see [13] Chap. III).
Let a) : 3£-*M be a regular differentiable onto map of differentiate manifolds 3£ and M. We say that co : T-^M is a differentiable family of complex manifolds if each point of 2C has a neighborhood U satisfying the condition: there exists a diffeomorphism h of U into C n Xa)(U) such that, for each point the restriction h t of h to Uc\X t , X t =a)~1(t}, is a biholomorphic map of into C n xt, where C n is the space of n-complex variables (z , n being the complex dimension of X t . We call £-»:£->M a differentiable family over M of holomorphic line bundles if e-+2£ is a differentiable complex line bundle and the restriction E t -*X t of e-*2£ to each fibre X t of 3£ is a holomorphic line bundle over that fibre. Let CD: 3£->M be a differentiable family of complex manifolds. Definition 6.3. 3f->M is said to be a differentiable family of weakly 1-complete manifolds if there exists a C°°-function 0 : 3£-^R and a real number c* such that the restriction of CD to {0^c} is proper for every c^R and the restriction of 0 to each fibre X t of ?£ is plurisubharmonic on X t r\{0>c*}.
is called an exhaustion function and c* is called a pseudo-convexity bound.
A differentiable family of compact complex manifolds in the sense of Kodaira [5] and a regular family of strongly pseudoconvex manifolds in the sense of Markoe and Rossi [9] are clearly differentiable families of weakly 1-complete manifolds. In both cases, the harmonic representation theorem of cohomology groups with coefficients in locally free sheaves on each fibre and the upper semicontinuity for the dimension of them hold respectively (see [2] , [5] , [12] ). In this sense, it is natural to expect that the principle of upper semi-continuity holds for the dimension of the cohomology groups of a differentiable family of weakly 1-complete manifolds. With respect to this question, we can show the following theorem. 
III.
Let (H, ( , )//) be a Hilbert space over the complex field C and let T : H -+H be a self -adjoint operator i.e. T is densely defined and T=T*. Let a(T) be the spectrum of T. Then since T is self-adjoint, a(T) is decomposed into the essential spectrum a e (T) and the discrete spectrum a d (T) , where a e (T) is the points set of a(T] that are either accumulation points of a(T) or isolated eigenvalues of infinite multiplicity and a d (T} is the set of isolated eigenvalues of finite multiplicity. One of the characterization of a e (T] is given by the following lemma (see [15] Theorem 7.24). Using this lemma, we can easily prove the following theorem. For the simplicity of its proof, the detail is left to the reader. 
